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1. Introduction
We consider the equation
uyy = utx + (b ux − c uy) uxx + c ux uxy, (1)
b = const, c = const, found recently by M. Dunajski, [9], as a symmetry reduction of
Pleban˜ski’s second heavenly equation, [25]. When c = 0 and b 6= 0, Eq. (1) coincides
with the potential form of the Khokhlov–Zabolotskaya equation, [13], also known as
dispersionless Kadomtsev–Petviashvili equation (dKP). For b = 0 and c 6= 0 Eq. (1)
becomes the hyperCR equation studied in [24, 8]. The Einstein-Weyl structure associ-
ated to (1) is {
h = (dy − c ux dt)
2 − 4 (dx+ (c uy − b ux) dt) dt,
ω = −c uxx dy + ((c
2 ux + 4 b) uxx − 2 c uxy) dt.
(2)
A Lax pair {
qt = ((c z − b) ux + c uy + z
2) qx + b (z uxx + uxy) qz,
qy = (c ux + z) qx + b uxx qz
(3)
is proposed for Eq. (1) in [9]. It contains differentiation with respect to a new indepen-
dent variable z. The compatibility condition qty = qyt for system (3) together with the
requirement uz = 0 coincides with Eq. (1). The equation uz = 0 does not follow from
(3).
When b 6= 0 and c 6= 0, the simple scaling
t = c4 b−3 t˜, x = c2 b−1 x˜, y = −c3 b−2 y˜ (4)
gives after dropping tildes the following equation:
uyy = utx + (ux + uy) uxx − ux uxy. (5)
The aim of this paper is to find a covering, [14, 15, 16, 17], for Eq. (5). We apply
the method proposed in [22] and find a contact integrable extension for the Cartan’s
structure equations of the symmetry pseudo-group of Eq. (5). Integrating the extension
yields a Ba¨cklund transformation and a covering equation for (5). We use these results
for constructing multi-valued Einstein–Weyl structures (2) likewise in [21] multi-valued
solutions to dKP were found.
2. Preliminaries
2.1. Coverings of PDEs
Let π∞ : J
∞(π) → Rn be the infinite jet bundle of local sections of the bundle
π : Rn × R → R. The coordinates on J∞(π) are (xi, uI), where I = (i1, ..., ik) are
symmetric multi-indices, i1, ..., ik ∈ {1, ..., n}, u∅ = u, and for any local section f of π
there exists a section j∞(f) : R
n → J∞(π) such that uI(j∞(f)) = ∂
#I(f)/∂xi1 ...∂xik ,
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#I = #(i1, ..., ik) = k. The total derivatives on J
∞(π) are defined in the local coordintes
as
Di =
∂
∂xi
+
∑
#I≥0
uIi
∂
∂uI
.
We have [Di, Dj] = 0 for i, j ∈ {1, ..., n}. A differential equation F (x
i, uK) = 0 defines
a submanifold E∞ = {DI(F ) = 0 | #I ≥ 0} ⊂ J
∞(π), where DI = Di1 ◦ ... ◦ Dik for
I = (i1, ..., ik). We denote restrictions of Di on E
∞ as D¯i.
In local coordinates, a covering over E∞ is a bundle E˜∞ = E∞×V→ E∞ with fibre
coordinates vγ, γ ∈ {1, ..., N} or γ ∈ N, equipped with extended total derivatives
D˜i = D¯i +
∑
γ
T γi (x
j , uI , v
β)
∂
∂vγ
such that [D˜i, D˜j] = 0 whenever (x
i, uI) ∈ E
∞. Action of D˜i on the fibre variables v
γ
gives
vγxi = T
γ
i (x
j, uI , v
β).
These equations are called a Ba¨cklund transformation. Excluding u from them yields a
system of pdes for vγ. This system is called a covering equation.
In terms of differential forms, the covering is defined by the forms, [28],
ωγ = dvγ − T γi (x
j , uI , v
β) dxi
such that
dωγ ≡ 0 mod ωβ, ϑ¯I ⇐⇒ (x
i, uI) ∈ E
∞, (6)
where ϑ¯I are restrictions of contact forms ϑI = duI − uI,k dx
k on E∞.
2.2. Cartan’s structure theory of Lie pseudo-groups
Let M be a manifold of dimension n. A local diffeomorphism on M is a diffeomorphism
Φ : U → Uˆ of two open subsets of M . A pseudo-group G on M is a collection of
local diffeomorphisms of M , which is closed under composition when defined, contains
an identity and is closed under inverse. A Lie pseudo-group is a pseudo-group whose
diffeomorphisms are local analytic solutions of an involutive system of partial differential
equations.
E´lie Cartan’s approach to Lie pseudo-groups is based on a possibility to characterize
transformations from a pseudo-group in terms of a set of invariant differential 1-forms
called Maurer–Cartan (mc) forms. In a general case mc forms ω1, ..., ωm of a Lie
pseudo-group G onM are defined on a direct product M˜ ×G, where µ : M˜ ×G→M is
a bundle, m = dim M˜ , G is a finite-dimensional Lie group. The forms ωi are semi-basic
w.r.t. the natural projection M˜ ×G → M˜ and define a coframe on M˜ , that is, a basis
of the cotangent bundle of M˜ . They characterize the pseudo-group G in the following
sense: a local diffeomorphism Φ : U → Uˆ on M belongs to G whenever there exists a
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local diffeomorphism Ψ : V → Vˆ on M˜ × G such that µ ◦ Ψ = Φ ◦ µ and the forms ωj
are invariant w.r.t. Ψ, that is,
Ψ∗
(
ωi|
Vˆ
)
= ωi|V. (7)
Expressions of exterior differentials of the forms ωi in terms of themselves give Cartan’s
structure equations of G:
dωi = Aiγj π
γ ∧ ωj +Bijk ω
j ∧ ωk, Bijk = −B
i
kj. (8)
Here and below we assume summation on repeated indices. The forms πγ , γ ∈
{1, ..., dim G}, are linear combinations of mc forms of the Lie group G and the forms
ωi. The coefficients Aiγj and B
i
jk are either constants or functions of a set of invariants
Uκ : M → R, κ ∈ {1, ..., l}, l < dim M , of the pseudo-group G, so Φ∗ (Uκ|
Uˆ
) = Uκ|U
for every Φ ∈ G. In the latter case, differentials of Uκ are invariant 1-forms, so they are
linear combinations of the forms ωj,
dUκ = Cκj ω
j, (9)
where the coefficients Cκj depend on the invariants U
1, ..., U l only.
Eqs. (8) must be compatible in the following sense: we have
d(dωi) = 0 = d
(
Aiγj π
γ ∧ ωj +Bijk ω
j ∧ ωk
)
, (10)
therefore there must exist expressions
dπγ = W γλj χ
λ ∧ ωj +Xγβǫ π
β ∧ πǫ + Y γβj π
β ∧ ωj + Zγjk ω
j ∧ ωk, (11)
with some additional 1-forms χλ and the coefficients W γλj to Z
γ
jk depending on the
invariants Uκ such that the right-hand side of (10) appear to be identically equal to
zero after substituting for (8), (9), and (11). Also, from (9) it follows that the right-
hand side of the equation
d(dUκ) = 0 = d(Cκj ω
j) (12)
must be identically equal to zero after substituting for (8) and (9).
The forms πγ are not invariant w.r.t. the pseudo-group G. Respectively, the
structure equations (8) are not changing when replacing πγ 7→ πγ + zγj ω
j for certain
parametric coefficients zγj . The dimension r
(1) of the linear space of these coefficients
satisfies the following inequality
r(1) ≤ n dim G−
n−1∑
k=1
(n− k) σk, (13)
where the reduced characters σk are defined by
σk = max
u1,...,uk
rank Ak(u1, ..., uk)
with the matrices Ak inductively defined by
A1(u1) =
(
Aiγj u
j
1
)
, Al(u1, ..., ul) =
(
Al−1(u1, ..., ul−1)
Aiγj u
j
l
)
,
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see [4, §5], [23, Def. 11.4] for the full discussion. The system of forms ωk is involutive if
(13) is an equality, [4, §6], [23, Def. 11.7].
Cartan’s fundamental theorems, [4, §§16, 22–24], [7], [27, §§16, 19, 20, 25,26], [26,
§§14.1–14.3], state that for a Lie pseudo-group there exists a set of mc forms whose
structure equations satisfy the compatibility and involutivity conditions; conversely, if
Eqs. (8), (9) meet the compatibility conditions (10), (12), and the involutivity condition,
then there exists a collection of 1-forms ω1, ... , ωm and functions U1, ... , U l which
satisfy (8) and (9). Eqs. (7) then define local diffeomorphisms from a Lie pseudo-group.
Example 1. Consider the bundle J2(π) of jets of the second order of the bundle
π : Rn × R → Rn, π : (x1, ..., xn, u) 7→ (x1, ..., xn, u). A differential 1-form ϑ on J2(π)
is called a contact form if it is annihilated by all 2-jets of local sections f of the bundle
π: j2(f)
∗ϑ = 0. In the local coordinates every contact 1-form is a linear combination of
the forms ϑ0 = du − ui dx
i, ϑi = dui − uij dx
j, i, j ∈ {1, ..., n}, uji = uij. A local dif-
feomorphism ∆ : J2(π) → J2(π), ∆ : (xi, u, ui, uij) 7→ (xˆ
i, uˆ, uˆi, uˆij), is called a contact
transformation if for every contact 1-form ϑˆ the form ∆∗ϑˆ is also contact. We denote
by Cont(J2(π)) the pseudo-group of contact transformations on J2(π). Consider the
following 1-forms
Θ0 = a ϑ0, Θi = giΘ0 + aB
k
i ϑk, Ξ
i = ciΘ0 + f
ikΘk + b
i
k dx
k,
Θij = aB
k
i B
l
j (dukl − uklm dx
m) + sij Θ0 + w
k
ij Θk, (14)
defined on J2(π) × H, where H is an open subset of R(2n+1)(n+3)(n+1)/3 with local
coordinates (a, bik, c
i, f ik, gi, sij, w
k
ij , uijk), i, j, k,∈ {1, ..., n}, such that a 6= 0,
det(bik) 6= 0, f
ik = fki, sij = sji, w
k
ij = w
k
ji, uijk = uikj = ujik, while (B
i
k) is the
inverse matrix for the matrix (bik). As it is shown in [20], the forms (14) are mc forms
for Cont(J2(π)), that is, a local diffeomorphism ∆˜ : J2(π) ×H → J2(π) ×H satisfies
the conditions ∆˜∗ Θˆ0 = Θ0, ∆˜
∗ Θˆi = Θi, ∆˜
∗ Ξˆi = Ξi, and ∆˜∗ Θˆij = Θij if and only if it is
projectable on J2(π), and its projection ∆ : J2(π)→ J2(π) is a contact transformation.
The structure equations for Cont(J2(π)) have the form
dΘ0 = Φ
0
0 ∧Θ0 + Ξ
i ∧Θi,
dΘi = Φ
0
i ∧Θ0 + Φ
k
i ∧Θk,
dΞi = Φ00 ∧ Ξ
i − Φik ∧ Ξ
k +Ψi0 ∧Θ0 +Ψ
ik ∧Θk,
dΘij = Φ
k
i ∧Θkj + Φ
k
j ∧Θki − Φ
0
0 ∧Θij + Υ
0
ij ∧Θ0 +Υ
k
ij ∧Θk + Ξ
k ∧Θijk,
where the additional forms Φ00, Φ
0
i , Φ
k
i , Ψ
i0, Ψij , Υ0ij , Υ
k
ij , and Θijk depend on differentials
of the coordinates of H.
Example 2. Suppose E is a second-order differential equation in one dependent and
n independent variables. We consider E as a submanifold in J2(π). Let Cont(E) be
the group of contact symmetries for E. It consists of all the contact transformations
on J2(π) mapping E to itself. Let ι0 : E → J
2(π) be an embedding, and ι = ι0 × id :
E × H → J2(π) × H. The mc forms of Cont(E) can be computed from the forms
θ0 = ι
∗Θ0, θi = ι
∗Θi, ξ
i = ι∗Ξi, and θij = ι
∗Θij algorithmically by means of Cartan’s
method of equivalence, [4, 5, 6, 7, 10, 12, 23], see details and examples in [11, 19, 20].
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3. Cartan’s structure of the symmetry pseudo-group for the dKP-hyperCR
interpolating equation
We use the method outlined in the previous section to compute mc forms and structure
equations of the pseudo-group of contact symmetries for Eq. (5). We write out here
the structure equations for the forms θ0, θj , ξ
j with j ∈ {1, 2, 3} only; the full set of the
structure equations is given in Appendix.
We have
dθ0 = η1 ∧ θ0 + ξ1 ∧ θ1 + ξ2 ∧ θ2 + ξ1 ∧ θ1 + ξ3 ∧ θ3,
dθ1 =
1
2
η1 ∧ θ1 +
1
4
η2 ∧ (θ0 + 8 θ3) +
1
16
(24 (θ22 − U ξ1 − ξ2)− 5 ξ3) ∧ θ1 + 2 θ2 ∧ θ3
+ 1
8
(11 θ2 − 16 V θ22 + 8 θ23 + 4 (2 V − 1) ξ2 + (8 V − 3U) ξ3) ∧ θ0 + ξ1 ∧ θ11
+ ξ2 ∧ θ12 + ξ3 ∧ θ13,
dθ2 =
1
16
(8 (η1 + θ22 − U ξ1 − ξ2)− 3 ξ3) ∧ θ2 + ξ1 ∧ θ12 + ξ2 ∧ θ22 + ξ3 ∧ θ23,
dθ3 = η2 ∧ θ2 +
(
η1 + θ22 − U ξ1 − ξ2 −
1
4
ξ3
)
∧ θ3 +
5
64
(8 θ22 − ξ2 + 3 ξ3) ∧ θ0 + ξ1 ∧ θ13
+ ξ2 ∧ θ23 + ξ3 ∧ θ12,
dξ1 = −
1
16
(8 η1 + 24 ( θ22 + ξ2)− 5 ξ3) ∧ ξ1,
dξ2 =
1
8
(5 θ0 + 8 V θ2 + 8 θ3 − 4U ξ2) ∧ ξ1 +
1
16
(8 (η1 − θ22) + 3 ξ3) ∧ ξ2 − η2 ∧ ξ3,
dξ3 = − (2 η2 + θ2 + U ξ3) ∧ ξ1 − (θ22 − ξ2) ∧ ξ3,
where the invariants
U = u−4xx
(
(ux + uy) u
2
xxx + (utxx − ux uxxy + uxx (uxy + 4 uxx) uxxx − u
2
xxy − u
2
xx uxxy
)
,
V = uxxx u
−2
xx
satisfy
dU = 1
2
U η1 + η2 + η3 −
5
8
θ0 −
(
V + 1
8
)
θ2 − θ3 −
(
4 V − 3
2
U
)
θ22 − θ23
+
(
4 V − U + 1
2
)
ξ2 −
(
V − 11
16
U
)
ξ3, (15)
dV = 1
2
V (η1 + θ22 + (6 V − U) ξ1 − ξ2)−
5
16
V ξ3, (16)
and where
θ0 = V
2 u3xx (du− ut dt− ux dx− uy dy),
θ2 = − V (dux − utx dt− uxx dx− uxy dy) ,
θ3 = V uxxy u
−2
xx dux − V
2 duy + V (V uty − utx uxxy u
−2
xx ) dt+ V (V uxy − uxxy u
−1
xx ) dx
+ V
(
V (utx + (ux + uy) uxx − ux uxy)− uxy uxxy u
−2
xx
)
dy − 5
8
θ0,
θ22 = − u
−1
xx (duxx − utxx dt− uxxx dx− uxxy dy) ,
ξ1 = uxx V
−1 dt, (17)
ξ2 = u
−1
xx
(
uxxx dx+ uxxy dy − (uxxx (ux + uy)− uxxy ux − u
2
xxy u
−1
xxx) dt
)
,
ξ3 = uxx (ux + 2 uxxy u
−1
xxx) dt+ uxx dy,
η1 = 2 u
−1
xxx duxxx +
(
10 V − 3U + 4 (V uxy u
−1
xx − uxxy u
−2
xx )
)
ξ1 +
5
8
ξ3 + 3 (θ22 − ξ2),
η2 = − u
−2
xx duxxy −
(
V 2 (ux + uy + (utx − uxy (ux − 1)) u
−2
xx )
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+
(
4 V uxxy −
3
2
U uxxy
)
u−2xx − u
2
xxy u
−4
xx
)
ξ1 +
1
2
(3 uxxy u
−2
xx − 1) ξ2
−
(
V (uxy uxx + 2)−
11
16
uxxy u
−2
xx
)
ξ3 −
3
2
uxxy u
−2
xx θ22 +
1
2
uxxy u
−2
xx η1.
4. Integrable extensions
In [3, §6], the definition of integrable extension of an exterior differential system is
designed to study finite-dimensional coverings. In general case, coverings of pdes with
three or more independent variables are infinite-dimensional, [18]. To cope with infinite-
dimensional coverings we use a natural generalization of the definition, [22].
Suppose G is a Lie pseudo-group on a manifoldM and ω1, ... , ωm are its mc forms
with structure equations (8), (9). Consider a system of equations
dτ q = Dqρr η
ρ ∧ τ r + Eqrs τ
r ∧ τ s + F qrβ τ
r ∧ πβ +Gqrj τ
r ∧ ωj +Hqβj π
β ∧ ωj
+ Iqjk ω
j ∧ ωk, (18)
dV ǫ = J ǫj ω
j +Kǫq τ
q, (19)
with unknown 1-forms τ q, q ∈ {1, ..., Q}, ηρ, ρ ∈ {1, ..., R}, and unknown functions
V ǫ, ǫ ∈ {1, ..., S} for some Q,R, S ∈ N. The coefficients Dqρr, ..., K
ǫ
q in (18), (19) are
supposed to be functions of U q and V γ .
Definition 1. System (18), (19) is an integrable extension of system (8), (9), if Eqs.
(18), (19), (8), and (9) together satisfy the compatibility and involutivity conditions.
In this case from Cartan’s third fundamental theorem for Lie pseudo-groups it
follows that there exists a set of forms τ q and functions V ǫ which are solutions to Eqs.
(18) and (19). Then τ q, V ǫ together with ωi, U q define a Lie pseudo-group on a manifold
N ∼= M × RQ.
Definition 2. The integrable extension is called trivial, if there is a change of variables
on N such that in the new variables the coefficients F qrβ, G
q
rj, H
q
βj , I
q
jk, and J
ǫ
j are equal
to zero, while the coefficients Dqρr, E
q
rs, and K
ǫ
q are independent of U
q. Otherwise, the
integrable extension is called non-trivial.
Let θγI and ξ
j be a set of mc forms of the symmetry pseudo-group Cont(E) of a pde
E such that ξ1 ∧ ... ∧ ξn 6= 0 on any solution manifold of E, while θγI are contact forms.
We take the following reformulation of the definition (6) of a covering.
Definition 3. A non-trivial integrable extension of the form
dωq = Πqr ∧ ω
r + ξj ∧ Ωqj (20)
is called a contact integrable extension (cie) of the structure equations of Cont(E) if
(1) Πqr are some non-trivial differential 1-forms,
(2) Ωqj ≡ 0 mod θ
γ
I , ω
q
j for some additional 1-forms ω
q
j ,
(3) Ωqj 6≡ 0 mod ω
q
j .
Since (20) is integrable extension, Cartan’s theorem yields existence of the forms
ωq satisfying (20). From [2, Ch. IV, Prop. 5.10] it follows that the forms ωq define a
system of pdes. This system is a covering for E.
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We apply this construction to the structure equations (35), (15), and (16) of the
symmetry pseudo-group of Eq. (5). We restrict our analysis to cies of the form
dω0 =
(
3∑
i=0
Ai θi +
∑
∗Bij θij +
7∑
s=1
Cs ηs +
3∑
j=1
Dj ξ
j + E ω1
)
∧ ω0
+
3∑
j=1
(
3∑
k=0
Fjk θk +Gj ω1
)
∧ ξj, (21)
where
∑
∗ means summation for all i, j ∈ N such that 1 ≤ i ≤ j ≤ 3, (i, j) 6= (3, 3), and
consider two types of these cies:
TYPE 1 — the coefficients Ai to Gj in (21) depend on the invariants U , V of the
symmetry pseudo-group of Eq. (5) only;
TYPE 2 — the coefficients Ai to Gj depend also on one additional invariant, say W .
In this case, the differential of this new invariant satisfies the following equation
dW =
3∑
i=0
Hi θi +
∑
∗Iij θij +
7∑
s=1
Js ηs +
3∑
j=1
Kj ξ
j +
1∑
q=0
Lq ωq, (22)
where the coefficients Hi to Lq are functions of U , V , W .
The requirements of Defintions 1 and 3 yield over-determined systems for the
coefficients Ai to Gj of the cie of the first type and Ai to Lq of the cie of the second
type. The results of analysis of these systems are summarized in the following theorem.
Theorem 1. There is no a cie of the first type for the structure equations (35), (15),
and (16). Every their cie of the second type is contact-equivalent to the following one:
dω0 =
(
1
2
(η1 − θ22)− ω1 −
1
2
(W 2 + 2 (V −W )− U) ξ1 −
1
16
(8W − 11) ξ3
)
∧ ω0
+
(
W 2 ω1 +
5
8
θ0 +W θ2 + θ3
)
∧ ξ1 + ω1 ∧ ξ2 + (W ω1 + θ2) ∧ ξ3, (23)
dW = V ω1 +
1
2
W η1 + η2 +
1
2
W θ22 + θ2 +
1
2
W (V (W + 4)− U) ξ1
+ 1
2
(V −W − 1) ξ2 +
1
16
(W (4 V − 5) + 8 V ) ξ3. (24)
Since the forms (17) are known, it is easy to find the form ω0 explicitly:
Theorem 2. We have the following solution to Eq. (23) up to a contact equivalence:
ω0 = uxxx u
−1
xx v
−1
x
(
dv − vx
(
ln2 |vx| − uy − (ln |vx|+ 1) ux + 1
)
dt
−vx dx− vx (ln |vx| − ux) dy) . (25)
This form defines the following Ba¨cklund transformation or a Lax pair:{
vt = vx
(
ln2 |vx| − uy − (ln |vx|+ 1) ux + 1
)
,
vy = vx (ln |vx| − ux) .
(26)
It is easy to verify directly that Eqs. (26) are compatible whenever Eq. (5) is satisfied.
From Eqs. (26) it follows that{
ux = ln |vx| − vy v
−1
x ,
uy = (vy (ln |vx|+ 1)− vt) v
−1
x − ln |vx|+ 1,
(27)
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Cross-differentiating u in this system yields the covering equation:
vyy = vtx +
(
(vy ln |vx| − vt) v
−1
x + 1
)
vxx +
(
vy v
−1
x − ln |vx|
)
vxy. (28)
5. Multi-valued Einstein–Weyl Structures
We use the results of the previous section to construct a family of Einstein–Weyl
structures (2) depending on two arbitrary functions of one variable. We take the ansatz,
[1, Ch. VIII, § 5.IV], [21],
vt = F (vx), vy = G(vx). (29)
This system is compatible for every (smooth) functions F and G. Substituting for (29)
into (28) and denoting
vx = s (30)
yields
(G′(s))
2
= F ′(s) + (G(s) ln |s| − F (s)) s−1 + 1 +
(
G(s) s−1 − ln |s|
)
G′(s).
We consider this as an ode for the unknown fucntion F and the functional parameter
G being an arbitrary smooth function. Then we have
F (s) = s
∫
s−1
(
(G′(s))
2
+ ln |s| (G′(s)− s−1G(s))− s−1G(s)G′(s)− 1
)
ds. (31)
From (29) and (30) it follows that the function s satisfies the compatible system of pdes
st = F
′(s) sx, sy = G
′(s) sx. (32)
The general solution of this system in the implicit form reads
s = Q(x+ t F ′(s) + y G′(s)), (33)
where Q is an arbitrary (smooth) function of one variable. For t = 0 and y = 0 we have
s = Q(x), so Q is an initial value for Eqs. (32). In general, Eq. (33) defines s as a
multi-valued function of t, x, and y.
Then Eqs. (27), (29), and (30) give{
ux = ln |s| − s
−1G(s),
uy = (s
−1G(s)− 1) ln |s| − s−1 F (s) + 1,
(34)
where the function F is defined by Eq. (31), and the function s is defined by (33).
Eqs. (34) together with the scaling (4) provide a family of Einstein-Weyl structures (2)
depending on two arbitrary functions of one variable.
Figures 1 to 4 show graphs of ux and uy at t = −10 and t = 10 for the choice of
G(s) = −3 s, Q(x) = x2 + 1, and F (s) = (5− ln |s|) s.
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Figure 1. The graph of ux at t = −10.
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Figure 2. The graph of uy at t = −10.
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Figure 3. The graph of ux at t = 10.
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Appendix
The structure equations of the symmetry pseudo-group for the dKP-hyperCR interpo-
lating equation read
dθ0 = η1 ∧ θ0 + ξ1 ∧ θ1 + ξ2 ∧ θ2 + ξ1 ∧ θ1 + ξ3 ∧ θ3,
dθ1 =
1
2
η1 ∧ θ1 +
1
4
η2 ∧ (θ0 + 8 θ3) +
1
16
(24 (θ22 − U ξ1 − ξ2)− 5 ξ3) ∧ θ1 + 2 θ2 ∧ θ3
+ 1
8
(11 θ2 − 16 V θ22 + 8 θ23 + 4 (2 V − 1) ξ2 + (8 V − 3U) ξ3) ∧ θ0 + ξ1 ∧ θ11
+ ξ2 ∧ θ12 + ξ3 ∧ θ13,
dθ2 =
1
16
(8 (η1 + θ22 − U ξ1 − ξ2)− 3 ξ3) ∧ θ2 + ξ1 ∧ θ12 + ξ2 ∧ θ22 + ξ3 ∧ θ23,
dθ3 = η2 ∧ θ2 +
(
η1 + θ22 − U ξ1 − ξ2 −
1
4
ξ3
)
∧ θ3 +
5
64
(8 θ22 − ξ2 + 3 ξ3) ∧ θ0 + ξ1 ∧ θ13
+ ξ2 ∧ θ23 + ξ3 ∧ θ12,
dξ1 = −
1
16
(8 η1 + 24 ( θ22 + ξ2)− 5 ξ3) ∧ ξ1,
dξ2 =
1
8
(5 θ0 + 8 V θ2 + 8 θ3 − 4U ξ2) ∧ ξ1 +
1
16
(8 (η1 − θ22) + 3 ξ3) ∧ ξ2 − η2 ∧ ξ3,
dξ3 = − (2 η2 + θ2 + U ξ3) ∧ ξ1 − (θ22 − ξ2) ∧ ξ3,
dθ11 =
3
2
η2 ∧ θ1 +
((
2 V − 1
2
U
)
η2 + 2 V η3 − η4
)
∧ θ0 + η5 ∧ ξ2 + η6 ∧ ξ3 + η7 ∧ ξ1
+
((
U − 2 V 2 + 51
32
V
)
θ2 + (1− 2 V ) θ3 +
7
4
θ12 − 2 V (U + 3 V ) θ22
+ 1
4
(6U − V ) θ23 +
1
8
(U (24 V − 7) + V (48 V − 1)) ξ2
+ 1
16
(
44 V 2 − 15U2 + 28U V
)
ξ3
)
∧ θ0 + (2 θ2 − 11 V θ22 + θ23
+1
2
(22 V − 1) ξ2 +
1
4
(4 V + U) ξ3
)
∧ θ1 + (V θ12 − 3 θ13) ∧ θ2 (35)
+
(
3
4
V θ2 + θ12 − 2 V θ23 + (U − 2 V ) ξ2 − 2 V (U + V ) ξ3
)
∧ θ3
+
(
2 η1 + 3 θ22 − 3 ξ2 −
5
8
ξ3
)
∧ θ11 + 2U ξ2 ∧ θ12 +
(
4 η2 +
5
2
U ξ3
)
∧ θ13,
dθ12 =
(
1
4
η2 − 2 V θ22 − θ23 + 3 V ξ2 +
1
8
U ξ3
)
∧ θ2 + η3 ∧ ξ2 + η4 ∧ ξ3 + η5 ∧ ξ1
+
(
η1 + 2 θ22 − 2 ξ2 −
1
2
ξ3
)
∧ θ12 −
(
5
8
θ0 − θ3 + U ξ2
)
∧ θ22
+
(
2 η2 +
3
2
U ξ3
)
∧ θ23,
dθ13 =
5
64
(6 η2 − 8 (η3 − θ3 − U θ22 − θ23) + (8 V − 7) θ2 − 6U (2 ξ2 + ξ3)) ∧ θ0 + η4 ∧ ξ2
+ η5 ∧ ξ3 + η6 ∧ ξ1 +
5
64
(8 (θ22 − ξ2) + 3 ξ3) ∧ θ1 + (3 η2 + 2 θ2 + 2U ξ3) ∧ θ12
−
(
7
8
θ3 +
1
2
(2 V − U) ξ2 + V (U + V ) ξ3
)
∧ θ2 −
(
θ3 −
3
2
U ξ2
)
∧ θ23
+ 3
8
(2 η2 − 4 V (θ22 − ξ2) + U ξ3) ∧ θ3 +
1
16
(24 η1 + 40 (θ22 − ξ2)− 9 ξ3) ∧ θ13,
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dθ22 = η3 ∧ ξ1 +
1
16
(8 (η2 − θ22) + 3 ξ3) ∧ ξ2 − η2 ∧ ξ3,
dθ23 =
1
2
η1 ∧ θ23 + η2 ∧ (θ22 − ξ2) + η4 ∧ ξ1 +
1
64
(8 (θ22 − ξ2) + (64 V − 1) ξ3) ∧ θ2
+ 1
8
(8 (η3 − θ3)− 5 θ0 + 12U ξ2) ∧ ξ3 +
1
8
θ22 ∧ (3 (4 θ23 − ξ2)− 8U ξ3)
+ 1
16
θ23 ∧ (24 ξ2 − 7 ξ3) ,
dη1 = −
1
8
(2 η2 + 6 θ2 − 16 (V θ22 + θ23) + 4 (2 V − 1) ξ2 + (8 V − 3U) ξ3) ∧ ξ1
− 5
8
(θ22 − ξ2) ∧ ξ3,
dη2 =
1
16
(8 (η1 + θ22 − U ξ1 − ξ2) + 3 ξ3) ∧ η2 +
5
16
θ0 ∧ ξ1 −
1
8
θ2 ∧ (3 V ξ1 − ξ3)
+ 1
2
θ3 ∧ ξ1 + (θ12 + V θ23 + V (V + U) ξ3) ∧ ξ1 +
1
2
(θ22 + (U − 2 V ) ξ1) ∧ ξ2
+
(
2 V θ22 + θ23 −
1
4
(8 V + 1) ξ2
)
∧ ξ3,
dη3 =
1
16
η1 ∧ (8 (η3 + V θ2 + θ3) + 5 θ0 − 2U ξ2)− θ12 ∧
((
V + 9
8
)
ξ1 + ξ3
)
− θ13 ∧ ξ1
+ 1
2
η2 ∧ (2 θ2 + 2 (U − 2 V ) ξ1 − ξ2 + U ξ3) + η4 ∧ ξ1 −
5
8
θ1 ∧ ξ1
+ 1
16
(24 θ22 + 8 (3U − 8 V ) ξ1 − 16 ξ2 − 5 ξ3) ∧ η3 +
1
32
(19U − 8 V ) ξ2 ∧ ξ3
+ 5
128
θ0 ∧ (8 θ22 + 16 (U − 4 V − 1) ξ1 − 11 ξ3)−
1
2
(
U2 − 2U V − 8 V 2
)
ξ1 ∧ ξ3
+ 1
16
θ2 ∧ (8 V θ22 + 2 ((16 V + 9)U − (56 V + 9) V ) ξ1 − 9 ξ2 + 3 V ξ3)
+ 1
16
θ3 ∧ (8 θ22 + 16 (2U − 4 V − 1) ξ1 − 11 ξ3)
+ θ22 ∧
(
V (U − 12 V ) ξ1 +
(
1
4
U + V
)
ξ2
)
+ 1
2
θ23 ∧ ((U − 2 V ) ξ1 − ξ2 − 2 V ξ3) +
1
2
(
(U − 2 V ) (U − 1)− 24 V 2
)
ξ1 ∧ ξ2,
dη4 = η8 ∧ ξ1 +
1
32
(60 θ0 + (96 V − 1) θ2 + 96 θ3 + 48U θ22 − 24 θ23 − 96U ξ2
+32 (2 V − U) ξ3) ∧ η2 +
1
8
(24 η2 + 7 θ2 − 12 θ23 + 3 ξ2 + 4 (7U − 8 V ) ξ3) ∧ η3
+
(
η1 + 3 (θ22 − ξ2)−
7
4
ξ3
)
∧ η4 +
1
16
(17U θ22 + (24 V − 1) θ23 − 6 (V + 4U) ξ2) ∧ θ2
− 5
64
(7 (θ2 − θ22) + 12 θ23 + 4 (ξ2 − (7U − 8 V − 2) ξ3)) ∧ θ0
+ 1
8
θ3 ∧ (7 (θ2 + θ22)− 12 θ23 − 4 ξ2 − 8 (7U − 8 V − 2) ξ3)
− 1
64
(72 (θ22 + ξ2) + 73 ξ3) ∧ θ12 +
1
128
(
U (448 V + 143)− 16 V (32 V 2 + 9)
)
θ2 ∧ ξ3
+
((
V − 11
16
U
)
ξ2 − (U
2 − 13 V 2) ξ3
)
∧ θ22 +
1
8
(2 (3U + 1) ξ2 + (U + 4 V ) ξ3) ∧ θ23
+ 1
4
(4 V (13 V 2 − 1)− U (11U − 8 V − 2)) ξ2 ∧ ξ3,
dη5 =
3
2
η1 ∧ η5 + η2 ∧
(
4 η4 +
1
2
θ12 − 2U θ23 + (U − 2 V ) ξ2
)
+
(
2 θ2 − ξ2 +
5
2
U ξ3
)
∧ η4
+ 1
16
(56 (θ22 − ξ2)− 13 ξ3) ∧ η5 + η8 ∧ ξ3 + η9 ∧ ξ1 +
5
8
θ1 ∧ (θ22 − ξ2)
+ 5
64
(16 η3 − (24 V + 1) θ2 + 16 θ12 − 8U (θ22 + θ23 + (U − 4 V + 1) ξ2)) ∧ θ0
+ 1
16
θ2 ∧ (16 V η3 − 2 (24 V + 1) θ3 − 8 (4 V + 1) θ12 − 48 V (U − 2 V ) θ22
−(U + V ) θ23 + 2 (2U (2 V + 5) + V (16 V − 11)) ξ2 + (U
2 − 4U V − 4 V 2) ξ3
)
+ (2 (η3 + θ12)− θ23 + (4 V − 2U + 1) ξ2) ∧ θ3 + θ13 ∧ (θ22 − ξ2)
+ 1
8
(16 (η3 + 2 V θ22 − θ23) + (4U − 16 V + 13) ξ2 − 4 (4 V − 3U) ξ3) ∧ θ12
+
(
1
2
U2 + U V − 12 V 2
)
θ22 ∧ ξ2 +
1
2
(
3 (2 V − U) ξ2 +
(
4 V (U + V )− 3U2
)
ξ3
)
∧ θ23
− 1
2
(
2 (3U − 4 V ) η3 +
(
8 V 2 + 2U V − U2
)
ξ3
)
∧ ξ2,
dη6 =
1
64
η2 ∧ (320 η5 + (80 V − 85U) θ0 − 60 θ1 + 128 V (U + V ) θ2 + 24U θ3 − 160U θ12)
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+
(
6 V θ3 −
5
2
θ13
)
∧ η3 + η4 ∧ (V θ2 + 2 (θ3 − U ξ2))− 3 η5 ∧ (θ2 + U ξ3)
+
(
2 η1 + 4 θ22 − 4 ξ2 −
7
8
ξ3
)
∧ η6 + η8 ∧ ξ2 + η9 ∧ ξ3 + η10 ∧ ξ1
+ 5
64
(8 (η4 + (5U − 4 V ) η3) + 10 θ1 − 2 θ12 − 4 (5U + 4 V − 2) θ3 + 2 (7 V − 8U) θ23
−(96 V 2 + 7U − 10U2 + 8U V − 14 V ) ∧ ξ2 + 2 (17 V
2 − 5U2 + 7U V ) ξ3
)
∧ θ0
+ 5
128
(32 (η3 − θ3) + 8 (U θ22 − θ23 + U ξ2)− 9U ξ3) ∧ θ1
+ 1
256
((U (400 V + 310)− V (640 V + 295)) θ0 + 40 (8 V + 5) θ1) ∧ θ2
+ 1
32
(
(14U + 192 V 2 + 23 V ) θ2 − 52 θ12 + 288 V (2 V − U) θ22 + 8 (3 V − 2U) θ23
+4 (3U (16 V − 1)− 6 V (24 V + 1)) ξ2 + 24 V (V + U) ξ3) ∧ θ3
− 5
64
(8 (θ22 + ξ2)− 3 ξ3) ∧ θ11 + θ12 ∧
((
U + 9
8
V
)
θ2 − 3 V θ23 + 2 (U − 2 V ) ξ2
+2 (U2 − 2 V 2 − 2U V ) ξ3
)
+ 1
16
θ13 ∧ (25 θ0 + 40 (θ3 + θ23) + (40 V + 23) θ2
−144 V θ22 + 4 (36 V − 5U − 3) ξ2 + 12 (2 V − U) ξ3) +
5
8
V (U − 12 V ) θ0 ∧ θ22
+ 3
4
U (2 V θ2 − U ξ2) ∧ θ23 +
1
2
V θ2 ∧ ((U − 6 V ) ξ2 − V (5U + 12 V ) ξ3) ,
dη7 = 3 η2 ∧
(
2 η6 −
1
4
θ11 − θ13
)
− η3 ∧ (13 V θ1 − 3 θ11) + 2 η4 ∧ (θ1 − V θ3)
+ 1
8
η5 ∧ (19 θ0 + 16 (V θ2 + θ3)− 20U ξ2)−
1
2
η6 ∧ (8 θ2 + 7U ξ3)
+ 1
16
(40 η1 + 72 (θ22 − ξ2)− 15 ξ3) ∧ η7 − η8 ∧ θ0 + η9 ∧ ξ2 + η10 ∧ ξ3 + η11 ∧ ξ1
+ 1
32
(
4 (13U2 − 248 V 2 + 4U V ) η2 − 256 V (U + V ) η3 + 8 (6U + 7 V ) η4
−5 (52 V + 1) θ1 + (128 V
3 + V 2 (4U − 345) + 56U2 + 45U V ) θ2
+8 (16 V (U + V )− 3U) θ3 + 60 θ11 − (88U + 59 V ) θ12 − 72 θ13
−32 V (U2 − 2U V − 12 V 2) θ22 + 12 V (U + 2 V ) θ23
−2 (192 V 3 + U2 (V − 11) + 8U V + 4 (U − 3) V 2) ξ2
−2 (92U V 2 − 15U3 + 6U2 V + 360 V 3) ξ3
)
∧ θ0 + U
2 θ12 ∧ ξ2
+ 1
16
(16 (3U − 4 V ) η2 + 4 (52 V − 3) θ3 − 36 θ12 − 16 V (20U − 39 V ) θ22
+28 V θ23 + 2 (3U (36 V − 1)− 2 V (156 V − 7)) ξ2
+
(
17 (U2 − 4 V 2) + 12U V
)
ξ3
)
∧ θ1
+ 1
32
((
117 V − 416 V 2 − 88U
)
θ1 + 4 (24 V + 23) θ11 − 32 V (U + 3 V ) θ12
+8 (4U + 9 V ) θ13) ∧ θ2 +
1
4
(16 V (U + V ) η2 + 9 V (2U − V ) θ2 + 12 θ11
−(4U + 3 V ) θ12 − 4 θ13 − 12 V (U − 2 V ) θ23 + 2 (U
2 + 4U V + 12 V 2) ξ2
−4 V (U2 − 4U V − 12 V 2) ξ3
)
∧ θ3 +
3
8
(40 V θ22 − 8 θ23 + 4 (U − 10 V + 1) ξ2
+(9U − 8 V ) ξ3) ∧ θ11 + (6 V θ23 − 3 (U − 2 V ) ξ2
+
(
6 V (U + V )− 5
2
U2
)
ξ3
)
∧ θ13.
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